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Let S = {z,} be a countably infinite set in the complex plane C possessing
no limit points in C. Let B be the collection of functions, f(z), analytic in
C\S, possessing finite L' norm,

71l= [ 17@dxdy < co. (1.1)

Ifa€ S and 0 < |z —a| < min,.g|a — b|, then the mean-value property of
analytic functions shows that, for any /€ B,

1
J@2)= W‘Ulé—zm' - S&)dEdn.
Hence,

A1
|f(2) < Tz—al
From this estimate and (1.1), we conclude that f is meromorphic in C, and
that the singularities of f are at worst first-order poles at the points of S.

It follows from very general criteria of Bers [1, 2] that every function of
the class B can be approximated arbitrarily well in the L' norm by rational
functions, f,(z). Bers’ method makes use of Banach space theory, and
distributional derivatives of singular integrals. Due to its general nature, it
provides an existence theorem for the approximating sequence {f,}, but not
an explicit construction. By means of very elementary methods, we will see,
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below, how the sequence, f,, can be obtained in a concrete manner in the
case under discussion here.

For the construction of f,,, n =1, 2,..., we proceed as follows. Assume that
[z o1| 2|24, for all z, € S, and let

1 2 0
=— ! . 1.2
F)= | " |/re®) rdo (1.2)
In view of (1.1), F(r) exists for almost all r > 0, and

|1f||=znj°°p(r)dr< ®.

Therefore, we may choose a sequence {r,}, limr, = o0,

max(2, |z,]) <r; <ry <., (1.3)

with r, #|z,|, (z, € S), and such that

lim (r,logr,) F(r,)=0. (1.4)

Let A, denote the residue of f at z,. We define f,(z) as

L= 3 My G B (1.5)

el A A

where «a,, 8, are determined by the requirement that z%,(z)— 0, as z > oo;
namely, that

3 A+a,+8,=0,
1zl <rn (1.6)
Z 2 A+ 20, +2,6,=0.

lzgl<ry
THEOREM. Given f € B, let f,, n=1, 2,..., be chosen as in (1.5). Then

lim ||/~ £, = 0.

Furthermore, lim f,(z) = f(z), uniformly in every compact subset aof
C\{z 15 22}
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2
We proceed with the proof.
Let

Ag

L(2)= S_‘ , h(z)=—
ga(2) D —,
and

Ay=o [ fQd=
" 2mi j\u:r,, -

1
B=ggl,  TOE=

As is easily verified,

a,

Bn

z—2z,

z—z,

S

lzgl <rn

3z

lzpi<ry

4
g(2)=f(2)+ 5= j SO s < zez
200 g <, -
(2.1)
ariN
= — d 5 n
i )y, =L : zl>r
Thus,
F(r,
8@~ fEI< <, (22)
This shows that g,(z) = f(z), uniformly in every compact subset of C.
Solving (1.6) for a,, f8, in terms of 4,,B,,, yields the formulas
h(2) = (A,,zz—B,,) 1 4 (B,,—A,,z1> 1
z,—z, Jz—1z, Z,—2z, ) z—2z,
1 +z—(z,4+2,)
- — SO 23
2mi J,“:,” (z—z)z—2z,) ( )
Since
4, SF(r,), B, <1y F(ry),

we see right away, from the first expression in (2.3) that

lim k,(z) =0,
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uniformly in every compact subset of C\{z,, z,}. Hence the assertion about
lim f,(z) is proved. To prove the main assertion of the theorem we must
verify that the norms || f,|| are bounded unifromly with respect to n. (The

choice of a,, B, was made to ensure that | £, || < 00.)
We consider first the quantity

I inedsa

By (2.1),

[l leraxay< | \f@)dedy

|zl <ry
1 dx dy
+2nhhhu«»wﬂULanz*q
1 dx dy
QW+Eﬂmym”mﬁmmTT

=/l + 6ar, F(r,).
On the other hand, using the second expression for #,(z), in (2.3),

re 1zl 1z + 2,

h,(z) < F(r,)
A P N
<0 zcar,),
2=z, |z -z,
Therefore,
| Ih@)dxdy=0l(r,logr) F(r,)l.  n—co.
Yzl 2ry
Hence,

[ n@ldxdy<IfI+0l(ylogr) Fry)),  n— oo (24)
1zl <2ry

In order to estimate [f ., |/,(z)/dxdy we combine the second
expression for g,(z) of (2.1) with the second expression for A,(z) of (2.3).
The coefficient of f({) in the resulting combined integrand is

1 +(zl+zz)_(C+z)_ 4 +2122(Z+C)—(21+ZZ)CZ
z—{ (—z)z-zy) (=07 (z —2,)(z — 2,)2°




L'-APPROXIMATION 5

Thus, for |z| > r,,

1 ¢ 22z +0)— (2, +2) &z
S gl T e
VA9 RAT:q
Lo 1zi25| (2] + 1) + |20 + 25 1y 2]
< s e Fe
whence
{J |/, (2) dxdy=O|r,F(r,)], as n- . (2.5)
Nz > 2r, .

Together, (2.4) and (2.5) imply that

ISl <IN+ Ol(r, log r,) F(ry)), - o

In view of (1.4), therefore, we conclude that | /,|| is bounded independently
of n.
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